A subgroup H of a group G is said to be pronormal in G if H and H g are conjugate in H, H g for every g ∈ G. Some problems in finite group theory, combinatorics, and permutation group theory were solved in terms of pronormality. In 2012, E. Vdovin and the third author conjectured that the subgroups of odd index are pronormal in finite simple groups. In this paper we disprove their conjecture and discuss a recent progress in the classification of finite simple groups in which the subgroups of odd index are pronormal.
Throughout the paper we consider only finite groups, and thereby the term "group" means "finite group".
According to P. Hall, a subgroup H of a group G is said to be pronormal in G if H and H g are conjugate in H, H g for every g ∈ G. Some of well-known examples of pronormal subgroups are the following: normal subgroups; maximal subgroups; Sylow subgroups; Sylow subgroups of proper normal subgroups; Hall subgroups of solvable groups. In 2012, E. Vdovin and the third author [23] proved that the Hall subgroups are pronormal in all simple groups.
The following assertion give a connection between pronormality of subgroups and properties of permutation representations of finite groups.
Theorem 1. (Ph. Hall, 1960s). Let G be a group and H ≤ G. H is pronormal in G if and only if in any transitive permutation representation of G, the subgroup N G (H) acts transitively on the set f ix(H) of fixed points of H.
Pronormality is the universal property with respect to Frattini Argument. Indeed, it is not hard to prove the following proposition (see [5, Lemma 4] ). Proposition 1. Let G be a group, A G, and H ≤ A. Then the following statements are equivalent:
(1) H is pronormal in G; (2) H is pronormal in A and G = AN G (H); (3) H is pronormal in A and H A = H G .
Some problems in finite group theory, combinatorics, and permutation group theory were solved in terms of pronormality. For example, according to L. Babai [1] , a group G is called a CI-group if between every two isomorphic relational structures on G (as underlying set) which are invariant under the group G R = {g R | g ∈ G} of right multiplications g R : x → xg (where g, x ∈ G), there exists an isomorphism which is at the same time an automorphism of G. Babai [1] proved that a group G is a CI-group if and only if G R is pronormal in Sym(G). In particular, if G is a CI-group, then G is abelian. With using mentioned Babai's result, P. Palfy [21] obtained a classification of CI-groups.
Thus, the following problem naturally arises.
General Problem. Given a finite group G and H ≤ G, is H pronormal in G?
Ch. Praeger [22] investigated pronormal subgroups of permutation groups. She proved the following theorem.
Theorem 2. Let G be a transitive permutation group on a set Ω of n points, and let K be a non-trivial pronormal subgroup of G. Suppose that K fixes exactly f points of Ω. Then f ≤ Thus, if in some permutation representation of G, |f ix(H)| is too big, then H is not pronormal in G. Therefore, it is interesting to consider pronormality of the subgroups of a group G containing a subgroup S which is pronormal in G. In particular, it is interesting to consider pronormality of overgroups of Sylow subgroups. Note that the subgroups of odd index in a finite group G are exactly overgroups of Sylow 2-subgroups of G.
First of all, we will concentrate on the question of pronormality of subgroups of odd index in non-abelian simple groups. In 2012, E. Vdovin and the third author [23] formulated the following conjecture. In this paper, we disprove Conjecture 1 and discuss a recent progress in the classification of non-abelian simple groups in which the subgroups of odd index are pronormal.
In Section 10, we discuss the question of pronormality of subgroups of odd index in a non-simple group. Note that an answer to this question for a group G is very weakly connected with answers to this question for subgroups of G, even for normal subgroups of G. For example, it could be proved that there exist infinitely many non-abelian simple groups in which the subgroups of odd index are pronormal while a direct product of any two of them contains a non-pronormal subgroup of odd index (see Example 1).
Terminology and Notation
Our terminology and notation are mostly standard and can be found in [3, 9] . For a group G and a subset π of the set of all primes, O π (G) and Z(G) denote the π-radical (the largest normal π-subgroup) and the center of G, respectively. As usual, π ′ stands for the set of those primes that do not lie in π. If n is a positive integer, then n π is the largest divisor of n whose all prime divisors lie in π. Also, for a group G, it is common to write O(G) instead of O 2 ′ (G). The set of Sylow p-subgroups of G is denoted by Syl p (G). The socle of G is denoted by Soc(G). Recall that G is almost simple if Soc(G) is a non-abelian simple group.
We use the following notation for non-abelian simple groups: Alt(n) for alternating groups; P SL ε n (q), where ε = + for P SL n (q) and ε = − for P SU n (q); E ε 6 (q), where ε = + for E 6 (q) and ε = − for 2 E 6 (q). Let m and n be non-negative integers with m = (1) H is pronormal in G; (2) The subgroups H and H g are conjugate in H, H g for every g ∈ N G (S).
Note that Sylow 2-subgroups in non-abelian simple groups are usually selfnormalized, and all the exceptions were described by the first author in [10] . He proved the following proposition (see [10, Corollary of Theorems 1-3]).
Proposition 2. Let G be a non-abelian simple group and let S ∈ Syl 2 (G). Then N G (S) = S excluding the following cases: 
Thus, using Lemma 1 for the verification of Conjecture 1, it is sufficient to consider simple groups from items (1)- (7) of Proposition 2.
In [11] we considered simple groups from items (1)-(4) and, with taking into account of simple groups with self-normalized Sylow 2-subgroups, we have proved the following theorem. 
Maximal subgroups of odd index in simple groups
In this paper, the complete classification of maximal subgroups of odd index in simple classical groups is a crucial tool in view of the following evident lemma.
Lemma 2. Suppose that H and M are subgroups of a group
M. Liebeck and J. Saxl [16] and, independently, W. Kantor [7] proposed a classification of primitive permutation groups of odd degree. It is considered to be one of remarkable results in the theory of finite permutation groups. In particular, both papers [16] and [7] contain lists of subgroups of simple groups that can turn out to be maximal subgroups of odd index. However, in the cases of alternating groups and of classical groups over fields of odd characteristics, neither in [16] nor in [7] it was described which of the specified subgroups are precisely maximal subgroups of odd index. Thus, the problem of the complete classification of maximal subgroups of odd index in simple groups was remained open.
The classification was finished by the second author in [18, 20] . In [18] , the author referred to results obtained by P. Kleidman [8] and by P. Kleidman and M. Liebeck [9] . However, there are a number of inaccuracies in Kleidman's PhD thesis [8] . These inaccuracies have been corrected in [2] . Due to uncovered circumstances, in [19] the second author revised the main result of [18] taking into account the results of [2] . In particular, changes in statements of items (6), (10) 
Proposition 3. If V is a normal subgroup of a group G and H is a subgroup of
We proved that the following more general statement [12, Proposition 2] holds.
Proposition 4. If V is a normal subgroup of a group G and H is a pronormal subgroup of G, then, for any
It is easy to see that, in the case when the subgroups H and V from Proposition 4 have trivial intersection, the equality N U (H) = C U (H) holds for any H-invariant subgroup U of V . Therefore, Proposition 3 is a special case of Proposition 4.
We showed that the statement converse to Proposition 4 holds when the group V is abelian and G = HV (i. e., H is a supplement to the subgroup V in G). We have proved the following theorem (see [12, Theorem 1] ). (1) the subgroup H is pronormal in G;
With using Theorem 4, we have proved the following proposition (see [ (1) the subgroup H is pronormal in G; (2) (|A|, n) = 1.
A series of examples disproving Conjecture 1
The aim of this section is to construct a series of examples disproving Conjecture 1. We prove the following theorem (see [12, Theorem 2] ). Sketch of proof. Let q ≡ ±3 (mod 8) be a prime power and n be a positive integer. It is well known that a Sylow 2-subgroup S of the group T = Sp 2 (q) = SL 2 (q) is isomorphic to Q 8 , and
We have the following chain of embeddings: (
It could be proved by direct calculations that |G : L| is odd. It is easy to see that
In view of Lemma 2, H is a non-pronormal subgroup of G, and it is easy to see that |G : H| is odd. Note that
Classification problem
The following problem naturally arises. To solve Problem 1 it remains to consider the following simple groups: (1) P Sp 2n (q), where q ≡ ±3 (mod 8) and 3 does not divide n; (2) E ε 6 (q), where ε ∈ {+, −} and q is odd; (3) P SL ε n (q), where ε ∈ {+, −}, q is odd, and n = 2 w .
In this paper, we consider in some details a solution of Problem 1 for symplectic groups, briefly discuss a solution of Problem 1 for groups E ε 6 (q), and formulate a conjecture for groups P SL ε n (q).
7.
Simple symplectic groups containing non-pronormal subgroups of odd index
In fact, Theorem 5 permits us to investigate Problem 1 within a much wider family of symplectic groups.
Let G = Sp 2n (q), where q is odd, and V be the natural 2n-dimensional vector space over the field F q with a non-degenerate skew-symmetric bilinear form associated with G. Let us look to the list of maximal subgroups of odd index of G (this list can be found in [19] ). Note that if q is odd, then |Z(Sp 2n (q))| = 2. Thus, in view of Proposition 6, the subgroups of odd index are pronormal in Sp 2n (q) if and only if the subgroups of odd index are pronormal in P Sp 2n (q), i. e., there is no difference between investigation of Problem 1 for Sp 2n (q) or for P Sp 2n (q).
Let q ≡ ±3 (mod 8) and n is not of the form 2 w or 2 w (2 2k + 1). Then the 2-adic representation n = ∞ i=0 s i · 2 i either has two 1s in positions s 1 and s 2 of different parity, or three 1s in positions s 1 , s 2 , and s 3 of the same parity. Define m = 2 s1 +2 s2 or m = 2 s1 + 2 s2 + 2 s3 , respectively. It is easy to see that m ≺ n and 3 divides m. Let M be the stabilizer in G of a non-degenerate 2m-dimensional subspace of V . It is easy to see that M = M 1 × M 2 , where M 1 ∼ = Sp 2m (q) and M 2 ∼ = Sp 2(n−m) (q). Note that the index |G : M | is odd by Proposition 7. Thus, if H is a subgroup of odd index in M , then H is a subgroup of odd index in G too. Since 3 divides m, it follows by Theorem 5 that
Then H 1 is a non-pronormal subgroup of odd index in M 1 in view of Proposition 6. Now it is easy to see that therefore, H 1 × M 2 is a non-pronormal subgroup of odd index in M 1 × M 2 . So, H 1 × M 2 is a nonpronormal subgroup of odd index in G. Thus, we proved the following theorem (see [ 
13, Theorem 1]).
Theorem 6. Let G = P Sp 2n (q), where q ≡ ±3 (mod 8) and n is not of the form 2 w or 2 w (2 2k + 1). Then G has a non-pronormal subgroup of odd index. Now in view of Theorems 3 and 6, to finish a classification of simple symplectic groups in which the subgroups of odd index are pronormal, it remains to consider groups P Sp 2n (q), where q ≡ ±3 (mod 8) and n is of the form 2 w or 2 w (2 2k + 1). In the next section we will prove that the subgroups of odd index are pronormal in these groups.
Classification of simple symplectic groups in which the subgroups of odd index are pronormal
In this section we prove the following theorem, whose proof was recently finished by the authors (see [13, Theorem 2] for the case when n is of the form 2 w and [14] for the case when n is of the form 2 w (2 2k + 1)).
Theorem 7. Let G = P Sp 2n (q). Then each subgroup of odd index is pronormal in G if and only if one of the following statements holds:
(1) q ≡ ±3 (mod 8); (2) n is of the form 2 w or 2 w (2 2k + 1).
Sketch of proof. Let G = Sp 2n (q), where q ≡ ±3 (mod 8) and n is of the form 2 w ≥ 2. Suppose that the claim of the theorem is false, and let q be the smallest prime power congruent to ±3 modulo 8 such that G has a non-pronormal subgroup H of odd index. Let S ≤ H be a Sylow 2-subgroup of G. Note that |N G (S)/S| = 3 in view of Proposition 2.
Pick g ∈ N G (S). Without loss of generality we can assume that |g| = 3. Put K = H, H g , and we can suppose that K < G. Then there exists a maximal subgroup M of G such that K ≤ M .
Using Proposition 7, we conclude that one of the following cases arises.
, where q = q r 0 and r is an odd prime. In this case it could be proved that N G (S) ≤ M , and we use inductive reasonings and Lemma 2 to prove that H is pronormal in G.
2. M ∼ = Sp 2m (q) ≀ Sym(t), where n = mt and m = 2 k , and M is choosen of such type so that m is as small as possible. In this case we can prove that H/O 2 (M ) is pronormal in M/O 2 (M ) ∼ = P Sp 2m (q)≀Sym(t) with using two following propositions and additional inductive reasonings. 
Proposition 9. (see [13, Lemma 17] ) Let G = A ≀ Sym(n) = LH be the natural permutation wreath product of a non-abelian simple group A and H = Sym(n),
Moreover, it could be proved that in this case N G (S) ≤ M . Now, in view of Proposition 6 and Lemma 2, we conclude that H is pronormal in G.
3. M ∼ = 2 1+4 + .Alt (5), where n = 4 and q is a prime. In this case it could be easy proved that N G (S) ≤ M . Now we conclude that H is pronormal in G in view of Proposition 6, Lemma 2, and Theorem 3.
In the case when n is of the form 2 w (2 2k + 1), the scheme of the proof is similar, however we can not use Proposition 9. The proof of Proposition 9 is based on a fact that K contains a regular subgroup of some conjugate of H. And the fact could be false if n is not of the form 2 w . To investigate this case the second and the third authors in a joint work with W. Guo [5] However, there are difficulties in a direct application of Theorem 8 to the maximal subgroups of the group Sp 2n (q), where n is of the form 2 w (2 2k + 1), in view of the following fact: if the subgroups of odd index are pronormal in both groups G 1 and G 2 , it does not imply that the subgroups of odd index are pronormal in the group
Note that any proper subgroup of H i is its Sylow subgroup, and hence is pronormal in
There exists
In view of Theorem 3, the subgroups of odd index are pronormal in
G i for i ∈ {1, 2}. And in view of Proposition 2, N Gi (S i )/S i for i ∈ {1, 2} is isomorphic to the Frobenius group C 7 ⋊ C 3 .
Using previous reasonings it is easy to construct a non-pronormal subgroup of odd index in
Recently basing on Theorem 8, the second and the third authors, and W. Guo [5] obtained the following pronormality criterion for subgroups of odd index in groups of the type t i=1 (A ≀ Sym(n i )), where A is an abelian group and all the wreath products are natural permutation (see [5, Theorem 2] ). Theorems 8, 9, and 10 became the main tools in the proof of Theorem 7 which was finished by the authors in [14] .
9. Summary and further research on finite simple groups in which the subgroups of odd index are pronormal
Let G be a non-abelian simple group, S ∈ Syl 2 (G), and C = O(C G (S)). In [15, Theorem 7] it was proved that C = 1 if and only if one of the following statements holds:
(1) G ∼ = E η 6 (q), where η ∈ {+, −}, q is odd, and C is a cyclic group of order
(2) G ∼ = P SL η n (q), where n ≥ 3, η ∈ {+, −}, q is odd, n = 2 s1 + · · · + 2 st for s 1 > · · · > s t > 0 and t > 1, and C ∼ = C 1 × · · · × C t−1 = 1, where C 1 , . . . C t−2 , and
Thus, with taking into account of Theorems 3 and 7, we obtain the following theorem.
Theorem 11. Let G be a non-abelian simple group, S ∈ Syl 2 (G), and C = O(C G (S)). If C = 1, then exactly one of the following statements holds:
(1) The subgroups of odd index are pronormal in G; (2) G ∼ = P Sp 2n (q), where q ≡ ±3 (mod 8) and n is not of the form 2 w or 2 w (2 2k + 1).
Moreover, recently we have obtained a solution of Problem 1 for simple exceptional groups E ε 6 (q). We have proved the following theorem. The scheme of our proof of Theorem 12 is similar as for symplectic groups and is based on the classification of maximal subgroups of odd index in simple exceptional groups of Lie type obtained in [16, 7] . Moreover, we use some results on subgroup structure of G = E ε 6 (q) obtained in [15] . The most difficult case here is when a possibly non-pronormal subgroup H of odd index and its conjugate H g for some g ∈ G are both contained in a parabolic maximal subgroup of G. In this case Theorem 8 is an useful tool.
Thus, to solve Problem 1 it remains to consider the groups P SL ε n (q), where ε ∈ {+, −}, q is odd, and n = 2 w . We have the following conjecture. 
Question of the pronormality of subgroups of odd index in non-simple groups
The Frattini Argument (see Proposition 1) and Proposition 6 are convenient tools to reduce General Problem to groups of smaller order. Assume that G is not simple and A is a minimal non-trivial normal subgroup of G. Then A is a direct product of pairwise isomorphic simple groups, and one of the following cases arises:
(1) A ≤ H and, in view of Proposition 6, H is pronormal in G if and only if H/A is pronormal in G/A. Note that |G/A| < |G|.
(2) H ≤ A and, in view of Proposition 1, H is pronormal in G if and only if H is pronormal in A and G = AN G (H). Note that |A| < |G|. Thus, the question of pronormality of subgroups in direct products of simple groups is of interest.
(3) Let H ≤ A and A ≤ H, and let N = N G (HA). In view of Propositions 6 and 1, H is pronormal in G if and only if HA/A is pronormal in G/A, N = AN N (H), and H is pronormal in HA. Therefore, with using inductive reasonings, we can reduce this case to the subcase when G = HA.
Suppose that G = HA, A is a minimal non-trivial normal subgroup of G, A ≤ H, and |G : H| is odd. If |A| is odd, then A is abelian and H is pronormal in G. Indeed, if U is an H-invariant subgroup of A, then either U is trivial or U = A. Therefore, A ∩ H is trivial, and it is easy to see that
If A is a 2-group, then H is pronormal in G in view of Proposition 6. Suppose that A is a direct product of pairwise isomorphic non-abelian simple groups. If the subgroups of odd index are pronormal in A, then we can use the following criterion of the pronormality of subgroups of odd index in extensions of groups, which is a generalization of Theorem 8. Note that proof of Theorem 13 follows from proofs of Theorems 1 and 4 in [5] .
In view of Theorem 13, the following problem is of interest.
Problem 2. Describe direct products of non-abelian simple groups in which the subgroups of odd index are pronormal.
Note that Problem 2 is not equivalent to Problem 1 (see Example 1). However, in some cases the pronormality of subgroups of odd index in a direct product of non-abelian simple groups is equivalent to the pronormality of subgroups of odd index in each factor. As an example, recently we have proved the following theorem. 
